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1. Introduction & summary. Manipulating Hamiltonians governing physical systems is a crucial task
in various areas of science, finding applications from quantum chemistry [1–3] to materials design [4–6].
Although system-dependent and empirical techniques, such as tuning the composition of alloy [7, 8], exist,
quantum algorithms can offer universal and theoretically-guaranteed means of manipulating Hamiltonians,
e.g., via quantum singular value transformation [9–11]. That being said, existing quantum algorithms
for transforming the eigenvalues of Hamiltonians rely on access to an encoding of the target Hamiltonian
H, e.g., block encoding [9,10], the controlled Hamiltonian dynamics ctrle±iHt [12–17], or a quantum walk
oracle [18,19], which limits their applicability due to the high cost of estimating/reconstructing the unknown
Hamiltonian.
In this work [20], we present a quantum algorithm that simulates the Hamiltonian dynamics of f(H)

(defined as f(H) :=
∑

n f(λn) |En⟩⟨En| for Hamiltonian diagonalized as
∑

n λn |En⟩⟨En|), for any (suitably
differentiable) function f only using the positive- and negative- time evolution e±iHt of a black box seed
Hamiltonian H. Our algorithm implements the transformation of Hamiltonian using a novel subroutine
Fourier series subroutine, that samples random circuit instances according to the distribution of Fourier
coefficients associated with the function f . This process requires access to positive- and negative- controlled
dynamics ctrle±iHt, which is constructed using another subroutine controlization [21]. The time-complexity
of our algorithm is Θ(C4,f t

2n/ϵ) for an f -dependent constant C4,f , time t, qubit number n and precision ϵ.
Regarding ϵ scaling, our algorithm performs better than a QSVT-based algorithm. Crucially, our algorithm
does not rely on the classical description of the Hamiltonian, which is motivated by the theoretical framework
of the higher-order quantum transformation [21–32] (which considers the situation where the possible inputs
to an algorithm are quantum channels specified by their input-output description only). This not only
helps extend the class of possible eigenvalue transformation tasks but also opens a way to the Hamiltonian
simulation performed via the transformation of unknown Hamiltonian dynamics.
Our work opens new avenues for quantum programming by establishing a general framework for quantum

algorithm compilation. Our algorithm uses correlated randomness to efficiently combine two subroutines
beyond straightforward concatenation. We abstracted key features that empower our algorithm, providing
a method to harness correlated randomness to globally optimize functional programs, rather than näıvely
concatenating them (which leads to suboptimal performance). This development potentially offers a solution
to the inefficiency in quantum functional programming, a paradigm in quantum programming allowing
flexible program development through the concatenation of modular quantum transformations [28,33,34].
Furthermore, to enhance the realm of applicability of our algorithm, we present an improved method to

simulate the negative-time dynamics of an unknown Hamiltonian from the positive time dynamics, circum-
venting the explicit need for access to the former. Crucially, this procedure does not require an auxiliary
system and has a runtime independent of the number of qubits, instead being bound by the interaction
degree of the Hamiltonian. This method enables the approximate implementation of our Hamiltonian eigen-
value transformation algorithm by applying a short pulse sequence of gates on top of continuously running
Hamiltonian dynamics, assuming the ability to apply these gates on a much shorter timescale.
2. Universal Hamiltonian eignevalue transformation algorithm.

Figure 1: The uncompiled algorithm obtained by concatenating two subroutines can already implement
e−if(H)t, but is further modified/compiled to improve the ϵ scaling of time complexity.
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Algorithm 1 Efficient universal Hamiltonian eigenvalue transformation (Compiled)]

Input:

• A finite number of queries to a black-box Hamiltonian dynamics e±iHτ of a seed Hamiltonian H
normalized as ∥H0∥op ≤ 1, where H0 is the traceless part of H, i.e., H0 := H − (1/2n)tr(H)I, with
τ > 0

• A sufficiently differentiable function f : [−1, 1] → R
• Input state |ψ⟩ ∈ H, simulation time t > 0, allowed error ϵ > 0

Output: A state approximating e−if(H0)t |ψ⟩ with an error ≤ ϵ and the mean square of error ≤ 2ϵ
Time complexity:
Pre-processing (only once): Θ(K̀3t3n/ϵ3)+T4, K̀ = O((t/ϵ)1/3) (K̀ : cutoff number of the Fourier series)
Main Process: Θ(C4,f t

2n/ϵ) for an f -dependent constant C4,f which is independent of n, t, and ϵ

Our algorithm is constructed in two steps. The first step is to concatenate two subroutines, Fourier series
simulation (or FSS for short) and controlization as shown in Fig. 1. In terms of functionality, the algorithm
at this stage, which we refer to as the uncompiled algorithm, can already implement e−if(H)t (tr(H) = 0
is assumed for simplicity). Both FSS and controlization are based on the general approximation technique

based on Trotterization for simulating Hamiltonian of form
∑

j hjUjHjU
†
j , where {hj} is a set of positive

number, {Uj} is a set of unitaries, and {Hj} is a set of Hermitian matrices, thus the uncompiled algorithm
consists of two layers of randomization. This technique is represented by the following circuit:

e−iHjtλ/N UjU †
j

{pj , j}

×N
≃e

−i
(∑

j hjUjHjU
†
j

)
t (1)

where λ :=
∑

j hj and pj := hj/λ. This circuit repeats the process of applying Uje
−iHjtλ/NU †

j =

e−iUjHjU
†
j tλ/N N times (which depends on the precision ϵ as 1/ϵ), for an index j randomly chosen with

probability pj , similarly to qDRIFT [35]. In particular, the following Hamiltonian is simulated using Cir-
cuit. (1) for FSS and controlization:

FSS:
K∑

k=−K

|c̃k|
(
eikπ(H+I)/2 0

0 I

)(
0 eiϕkI

e−iϕkI 0

)(
e−ikπ(H+I)/2 0

0 I

)
≃

(
0 f(H)

f(H) 0

)

Controlization:
∑

v⃗∈{0,1,2,3}n

1

4n

(
I 0
0 σv⃗

)(
H 0
0 H

)(
I 0
0 σv⃗

)
=

(
H 0
0 0

)
(2)

where c̃k =: |c̃k|eiϕk is the Fourier coefficient for frequency k of a function f̃ (a modification of f such that
f(x) = f̃((x + 1)/2), |c̃k| converges rapidly), K > 0 is a cutoff number, and σv⃗ := σv1 ⊗ · · · ⊗ σvn with
σ0 = I, σ1 = X, σ2 = Y, and σ3 = Z. FSS utilizes f(H) = f̃((H + I)/2) =

∑∞
k=−∞ c̃ke

−ikπ(H+I)/2. Note
that, QSVT can be used instead of FSS for the same task since a block-encoding of cosH can be constructed
using ctrle±iHt; indeed, such a QSVT-based algorithm is more efficient than the uncompiled algorithm.

The second step is to compile the circuit in Fig. 1 by introducing a correlation between the randomness
in the controlization subroutine thereby reducing the ϵ scaling of the time complexity even beyond that
of the QSVT-based algorithm. The properties of this compiled algorithm is shown in Algorithm 1. The
time complexity of the pre-processing step, which refers to the processes that only need to be run once for
a given set of inputs, scales as 1/ϵ4 at most. Nevertheless, the effect of the large time complexity of the
preprocessing step is diluted in the situation where one wants to repetitively implement the transformed
Hamiltonian dynamics, which we refer to as the main process, for a fixed set of inputs. We intuitively explain
two factors that make the main process of Algorithm 1 more efficient in terms of ϵ scaling than that of the
QSVT-base algorithm:
(a) Efficient inputting of high-frequency terms: QSVT requires d queries in total to the block-
encoding unitary and its inverse when implementing a polynomial function of degree d. On the other hand,
the time complexity of the main process of Algorithm 1 has no explicit dependence on the cutoff number
K̀ of the frequency summation, since the information of Fourier coefficients c̃k is input by random sampling
according to the magnitude of c̃k. Such high-frequency terms c̃k for larger k have smaller magnitude |c̃k|
than their low-frequency counterparts and therefore costly unitaries (i.e., for large k) are rarely chosen.



Figure 2: Sketch of compilation. First, the sampling randomnesses for two controlization subroutines in
each iteration are made correlated. At the same time, iteration number N (C) of controlization is made
independent on ϵ in order to improve ϵ scaling of total iteration.

(b) Iteration number in controlization procedure is independent of ϵ: In order to achieve the

precision ϵ, the iteration number N
(C)
k of controlization has to be taken 1/ϵ for the QSVT-based algorithm.

On the other hand, N
(C)
k can be taken independent of ϵ for Algorithm 1 as described in the next section.

3. Technical background of compilation. The uncompiled algorithm has a suboptimal time com-
plexity as a result of concatenating two layers of randomization. To make both the error due to FSS and
controlization at most of the order ϵ, the iteration number N (F ) for FSS and N (C) for controlization has
to scale as 1/ϵ and N (F )/ϵ ∝ 1/ϵ2, respectively. This makes the overall time complexity scale as 1/ϵ2 (see
the left side of Fig. 2). To improve this scaling, the randomness for two controlization subroutines in each
iteration is made correlated so that one becomes a Hermitian conjugate of the other. At the same time, the
iteration number N (C) for compilation is redefined to be independent on ϵ. This comes with the cost of in-
creasing the error, but because of the more symmetric structure of the circuit, this error can be compensated
for by modifying the procedure, which completes the compilation. As a result, the time complexity, which
is proportional to 2N (C)N (F ), only scales as 1/ϵ. This framework of compilation performed by introducing
correlated randomness, reducing the iteration number, and compensating the error, can be generalized to
a wider range of quantum algorithms constructed by concatenation of the (random) Trotterization-based
subroutines as discussed in the main paper.
4. Simulation of negative time evolution without auxiliary qubits. We also propose an algorithm

to simulate negative time-evolution e+iHt of unknown HamiltonianH using the positive time-evolution e−iHt.
Even in situations where H is unknown, one can often reasonably assume some form of its structure, e.g., that
it has at most two-body interactions or it is based on qubit connectivities. Suppose that the connectivity
graph of a seven-qubit Hamiltonian H is given by the graph in Fig. 3, where the nodes/edges represent
qubits/pairs of qubits for which H might have interactions (see main paper for the general case). Then one
can first assign colors to qubits in such a way that any adjacent qubits have different colors as shown in the
right side of Fig. 3. Then the negative time evolution can be implemented using Circuit. (1) by simulating

the following Hamiltonian using random n-qubit Pauli operators Gvr,vb,vg := σ
(1,3,4)
vr ⊗ σ

(2,5,6)
vb ⊗ σ

(7)
vg :

∑
(vr,vb,vg)∈{0,1,2,3}3\{(0,0,0)}

Gvr,vb,vgHG
†
vr,vb,vg

=

 ∑
(vr,vb,vg)∈{0,1,2,3}3

Gvr,vb,vgHG
†
vr,vb,vg

−H = −H. (3)

With this technique, Algorithm 1 can be implemented even without the negative time-evolution e+iHt.

Figure 3: Demonstration of negative time evolution protocol. The graph expresses the connectivity of seven
qubits, i.e. Hamiltonian can have interaction terms between connected nodes (qubits). Negative time-
evolution can be implemented by applying random Pauli operators depending on the coloring of the graph.
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