A minimalist approach to operational theories
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This abstract refers to the results reported in Ref. [1] (arXiv link) and Ref. [2], which is
m preparation.

We explore the concept of minimalism within the framework of Operational Proba-
bilistic Theories (OPTs) [3-6]. We show that restricting to the bone the set of allowed
operations, even when allowing for conditioning if entanglement is present, implies that
generic theories of information processing satisfy the property of No-Information Without
Disturbance (NIWD) [4, 7, 8]—the fact that extracting information from a system irre-
versibly alters its state—and do not admit a broadcasting channel |2, 9-11|. Furthermore,
we show that this holds true even when classicality is assumed by explicitly building two
theories, termed Minimal Classical Theory (MCT) [1] and Minimal Strongly-causal Bilocal
Classical Theory (MSBCT) [2].

Our work is part of the literature that aims at understanding which properties and/or
advantages can be possessed by operational theories that do not satisfy common assump-
tions made in the frameworks of operational theories [3-6, 12-16]. For example, what
happens when restrictions are posed on the measurements that can be implemented in a
theory is studied in Refs. [17, 18]. While, Ref. [19] introduces the class of non-free oper-
ational theories that are not closed under composition and Ref. [20] discusses accessible
GPT fragments, whose aim is to study scenarios where the states and the effects of a theory
are restricted to just those accessible by a fixed experimental scenario.

Working within the framework of OPTs, we study the properties of a particular class
of operational theories, called Minimal Operational Probabilistic Theories (MOPTSs) [1], in
which strong restrictions are placed on the implementable transformations with nontrivial
input and output systems. More in detail, the only allowed transformations are those that
can be obtained as parallel and sequential composition of preparations, measurements, the
identity and the swap. We remark that in MOPTs there are no requirements made on the
spaces of states and effects. Our results hold regardless of how they are defined, so they
could also satisfy restrictions such as those introduced in Refs. [17, 18§].

We demonstrate that the identity transformation in every causal MOPT is atomic—
meaning that it can be obtain only as coarse graining of transformations that are propor-
tional to the identity itself—, which implies that these theories satisfy NIWD [1, 8], have
irreversibility of measurement disturbance [1] and do not admit a broadcasting channel [2].
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Furthermore, we introduce MCT, which is a classical MOPT. More in detail, MCT is
a minimal version of Classical Theory (CT), meaning that is a MOPT that has the same
states and effects spaces as CT.

In our works, classical theories are defined as simplicial theories (i.e., theories where the
states spaces are simplexes) whose pure states are jointly perfectly discriminable [6, 21].
This also makes MCT both Kochen-Specker noncontextual |22, 23] and generalised non-
contextual |14, 16, 24].

Given that it is a minimal theory, MCT satisfies all the properties just listed. Therefore,
MCT proves that NIWD, irreversibility and not admitting a broadcasting channel cannot
be understood per se as signatures of non-classicality. Furthermore, this theory serves as
an example where irreversibility of measurement disturbance holds, even though all effects
are compatible i.e. jointly implementable. [1, 25].

We highlight that our result differs from the one proposed in Ref. [26]. In that refer-
ence, the authors introduce a theory with operations causing irreversible disturbance to the
systems they act upon. However, this theory only exhibits some effects that are compatible
with all others. Therefore, it fails to establish the complete independence of the presence
of incompatible measurements from irreversibility, as it does not satisfy full compatibility
of all observation instruments.

Although MCT serves as a powerful example to prove the independence between some
physical properties, it is nonetheless a bit unsatisfactory. This is because it is a theory
in which it is not even possible to condition which experiment to perform based on the
result of a previous experiment—in other words it does not satisfy the property of strong
causality, also referred to as classical control on outcomes and post-processing [4-6, 27]—,
which is a very natural property to be expected of any theory that attempts to model our
physical world.

Therefore, we constructed MSBCT and the more general class of OPTs it belong to;
the class of Minimal Strongly-causal Operational Probabilistic Theories (MSOPTs) [2],
which are MOPTs to which all conditioned operations are added.

MSOPTs, given how they have been defined, allow to characterise what properties of
operational theories derive solely from satisfying the property of strong causality.

In our work we prove that whenever this class of theories admit entangled states that
cannot be perfectly discriminated from all separable states, the identity transformation is
atomic. Therefore, also in this case they satisfy NIWD, irreversibility and do not admit a
broadcasting channel.

While it is not surprising that the property of conditioning alone could not guarantee
the violation of NIWD or the presence of a broadcasting channel—Quantum Theory (QT)
admits all conditioned operations, satisfies NIWD and does not admit a broadcasting
channel—, it is a bit unexpected that this still holds when assuming classicality. However,
MSBCT is an example of this. In fact, this theory is both classical and a MSOPT. Thus,
even under the strong causality hypothesis NIWD), irreversibility and not admitting a
broadcasting channel cannot be understood per se as signatures of non-classicality.

In more detail, MSBCT is a minimal version of Bilocal Classical Theory (BCT) [6]
to which all the possible conditioned operations are added. Other than being classical,
MSBCT is also Kochen-Specker noncontextual. However, in this case it is not yet known
whether or not it is also generalised noncontextual.

BCT is a bilocal version of CT, meaning that to fully characterise the state of a composite
system AB one also has to perform measurements on the whole composite system, since
the local measurements on only the subsystems A and B are not sufficient. More generally,




this property is called bilocal discriminability [6, 21|, while the possibility of completely
characterizing the states of a theory performing only local measurements is referred to
as local discriminability [4, 6, 21, 28]. Example of another theory satisfying the former
property is Fermionic Quantum Theory [29], while QT, CT and MCT all satisfy local
discriminability.

The reason why a strongly causal version of MCT could not be used as counterexample

also in this case is that by adding all conditioned operations to MCT one recovers CT. This
is due to the fact that the conditioned operations allow to recover all the reversible trans-
formations of CT and, consequently, all the transformations of the latter theory through
their reversible dilatation.
This also proves that the three properties of simpliciality, strong causality and local dis-
criminability uniquely determine CT amongst all other OPTs. Furthermore, this set of
properties represents a minimal set of axioms, since, due to the fact that it is possible
to construct theories that satisfy just two of the three, these three properties are logi-
cally independent. QT is an example of a theory that is non-classical while being strongly
causal and satisfying local discriminability. MCT is a non-strongly causal simplicial theory
satisfying local discriminability. And, last but not least, MSBCT is strongly casual and
simplicial, but it does not satisfy local discriminability.

We conclude by making a few remarks.

The fact that MCT and MSBCT do not admit a broadcasting channel even though
they are simplicial is not in contrast with the results of Refs. [9, 10], since these results are
obtained under the hypothesis of local discriminability, which excludes MSBCT, and that
some conditioned operations are allowed, which excludes MCT.

Furthermore, we observe that the class of MOPTs allows to construct theories by only
worrying about states and effects spaces. This is similar to what is done in the prepare-
and-measure scenarios often considered in the Generalized Probabilistic Theories (GPTs)
literature [16, 30]. Therefore, given that starting from any GPT defined in the prepare-and-
measure scenario it is always possible to construct a MOPT, MOPTs represent a possible
bridge bridge between the frameworks of OPTs and GPTs.

Last but not least, we observe that further studies on MOPTs and MSOPTs could
lead to new discoveries about the cryptographic and computational properties of generic
operational theories. With respect to the former topic, the idea is that these classes of
theories, given that they satisfy the NIWD property, could allow to study which properties
guarantee the existence of information-theoretically secure key distribution cryptographic
protocols. The strong restrictions on the set of transformations would allow for greater con-
trol over all the variables involved in a communication protocol. For the latter, MSOPTs
open the possibility of studying the paradigm of measurement-based computation in an
operational setting, given that this computational paradigm consists in carrying out a se-
ries of conditioned measurements on an appropriate initial entangled state.

Summing up our results, in our work we show that even when classicality is assumed
it is possible to formulate theories in which an interaction aimed at obtaining information
about a physical system causes uncontrollable and irreversible disturbance in the system
being observed, contrary to what was believed even by Heisenberg [31]. Furthermore, we
also show that even the possibility of broadcasting is not always guaranteed. Therefore,
NIWD and the absence of a broadcasting channel cannot be understood per se as signatures
of non-classicality.

The classes of MOPTs and MSOPTs are also introduced. These theories, on the




one hand, could represent a bridge between OPTs and GPTs based on the measure-and-
prepare scenario. On the other hand, their study could increase our understanding of the
properties that allow for a generic physical theory to admit information-theoretically secure
cryptographic protocols for key distribution and to further characterise the computational
properties of generic operational theories.

References

[1] M. Erba, P. Perinotti, D. Rolino, and A. Tosini, Physical Review A 109, 022239 (2024).

[2] M. Erba, P. Perinotti, D. Rolino, and A. Tosini, in preparation.

[3] G. Chiribella, G. M. D’Ariano, and P. Perinotti, Physical Review A 81, 062348 (2010).

[4] G. M. D’Ariano, G. Chiribella, and P. Perinotti, Quantum Theory from First Princi-
ples: An Informational Approach, 1st ed. (Cambridge University Press, 2016).

[5] G. Chiribella, G. M. D’Ariano, and P. Perinotti, in Quantum Theory: Informational
Foundations and Foils, Vol. 181, edited by G. Chiribella and R. W. Spekkens (Springer
Netherlands, Dordrecht, 2016) pp. 171-221.

[6] G. M. D’Ariano, M. Erba, and P. Perinotti, Physical Review A 102, 052216 (2020).

[7] P.Busch, in Quantum Reality, Relativistic Causality, and Closing the Epistemic Circle:
Essays in Honour of Abner Shimony, The Western Ontario Series in Philosophy of
Science, edited by W. C. Myrvold and J. Christian (Springer Netherlands, Dordrecht,
2009) pp. 229-256.

[8] G. M. D’Ariano, P. Perinotti, and A. Tosini, Quantum 4, 363 (2020).

[9] H. Barnum, J. Barrett, M. Leifer, and A. Wilce, Cloning and Broadcasting in Generic
Probabilistic Theories (2006), arXiv:quant-ph/0611295 [quant-ph] .

[10] H. Barnum, J. Barrett, M. Leifer, and A. Wilce, Physical Review Letters 99, 240501
(2007).

[11] M. Piani, P. Horodecki, and R. Horodecki, Physical Review Letters 100, 090502 (2008).

[12] J. Barrett, Physical Review A 75, 032304 (2007).

[13] R. W. Spekkens, Physical Review A 75, 032110 (2007).

[14] D. Schmid, J. H. Selby, M. F. Pusey, and R. W. Spekkens, Quantum 8, 1283 (2024).

[15] M. Plavala, General probabilistic theories: An introduction (2021), arXiv:2103.07469
[quant-ph] .

[16] D. Schmid, J. H. Selby, E. Wolfe, R. Kunjwal, and R. W. Spekkens, PRX Quantum
2, 010331 (2021).

[17] P. Janotta and R. Lal, Physical Review A 87, 052131 (2013).

[18] S. N. Filippov, S. Gudder, T. Heinosaari, and L. Leppéjarvi, Foundations of Physics
50, 850 (2020).

[19] J. Barrett, N. De Beaudrap, M. J. Hoban, and C. M. Lee, npj Quantum Information
5, 41 (2019).

[20] J. H. Selby, D. Schmid, E. Wolfe, A. B. Sainz, R. Kunjwal, and R. W. Spekkens,
Physical Review A 107, 062203 (2023).

[21] G. M. D’Ariano, M. Erba, and P. Perinotti, Physical Review A 101, 042118 (2020).

[22] J. S. Bell, Reviews of Modern Physics 38, 447 (1966).

[23] S. B. Kochen and E. P. Specker, Journal of Mathematics and Mechanics 17, 59 (1967),
24902153 .

[24] R. W. Spekkens, Physical Review A 71, 052108 (2005).

[25] G. M. D’Ariano, P. Perinotti, and A. Tosini, Journal of Physics A: Mathematical and
Theoretical 55, 394006 (2022).

[26] T. Heinosaari, L. Leppéajarvi, and M. Plavala, Quantum 3, 157 (2019).



https://doi.org/10.1103/PhysRevA.109.022239
https://doi.org/10.1103/PhysRevA.81.062348
https://doi.org/10.1017/9781107338340
https://doi.org/10.1017/9781107338340
https://doi.org/10.1007/978-94-017-7303-4_6
https://doi.org/10.1007/978-94-017-7303-4_6
https://doi.org/10.1103/PhysRevA.102.052216
https://doi.org/10.1007/978-1-4020-9107-0_13
https://doi.org/10.1007/978-1-4020-9107-0_13
https://doi.org/10.22331/q-2020-11-16-363
https://doi.org/10.48550/arXiv.quant-ph/0611295
https://doi.org/10.48550/arXiv.quant-ph/0611295
https://arxiv.org/abs/quant-ph/0611295
https://doi.org/10.1103/PhysRevLett.99.240501
https://doi.org/10.1103/PhysRevLett.99.240501
https://doi.org/10.1103/PhysRevLett.100.090502
https://doi.org/10.1103/PhysRevA.75.032304
https://doi.org/10.1103/PhysRevA.75.032110
https://doi.org/10.22331/q-2024-03-14-1283
https://doi.org/10.48550/arXiv.2103.07469
https://arxiv.org/abs/2103.07469
https://arxiv.org/abs/2103.07469
https://doi.org/10.1103/PRXQuantum.2.010331
https://doi.org/10.1103/PRXQuantum.2.010331
https://doi.org/10.1103/PhysRevA.87.052131
https://doi.org/10.1007/s10701-020-00352-6
https://doi.org/10.1007/s10701-020-00352-6
https://doi.org/10.1038/s41534-019-0156-9
https://doi.org/10.1038/s41534-019-0156-9
https://doi.org/10.1103/PhysRevA.107.062203
https://doi.org/10.1103/PhysRevA.101.042118
https://doi.org/10.1103/RevModPhys.38.447
https://arxiv.org/abs/24902153
https://doi.org/10.1103/PhysRevA.71.052108
https://doi.org/10.1088/1751-8121/ac88a7
https://doi.org/10.1088/1751-8121/ac88a7
https://doi.org/10.22331/q-2019-07-08-157

[27] L. Leppé&jarvi and M. Sedlak, Physical Review A 103, 022615 (2021).

[28] L. Hardy and W. K. Wootters, Foundations of Physics 42, 454 (2012).

[29] G. M. D’Ariano, F. Manessi, P. Perinotti, and A. Tosini, International Journal of
Modern Physics A 29, 1430025 (2014).

[30] J. H. Selby, D. Schmid, E. Wolfe, A. B. Sainz, R. Kunjwal, and R. W. Spekkens,
Physical Review Letters 130, 230201 (2023).

[31] W. Heisenberg, Zeitschrift fiir Physik 43, 172 (1927).



https://doi.org/10.1103/PhysRevA.103.022615
https://doi.org/10.1007/s10701-011-9616-6
https://doi.org/10.1142/S0217751X14300257
https://doi.org/10.1142/S0217751X14300257
https://doi.org/10.1103/PhysRevLett.130.230201
https://doi.org/10.1007/BF01397280

